Let Γ ⊂ Q × be a finitely generated multiplicative group of algebraic numbers. Let α 1 , . . . , α r ∈ Q × be algebraic numbers which are Q-linearly independent with 1 and let ǫ > 0 and c > 0 be given real numbers. In this paper, we prove that there exist only finitely many tuple
introduction
Let α be an algebraic number and let ǫ > 0 and c > 0 be given real numbers. An algebraic number α is said to be c-pseudo-Pisot number if α has integral trace, |α| > c and all its conjugates have absolute value strictly less than c. When c = 1, in the literature, it is called pseudo-Pisot number. For example α = 1 2 + 1 √ 5 is a 1/2-pseudo-Pisot number but it is not pseudo-Pisot number. In 2004, Corvaja and Zannier [2] proved the following generalization of the famous Roth's theorem.
Theorem CZ. Let Γ ⊂ Q × be a finitely generated multiplicative group of algebraic numbers. Let α ∈ Q × be non-zero algebraic number and let ǫ > 0 be fixed. Then there exist only finitely many tuples (u, q) ∈ Γ × Z with d = [Q(u) : Q] such that |αqu| > 1, αqu is not a pseudo-Pisot number and 0 < |αqu − p| < 1 H ǫ (u)q d+ǫ . In particular, by taking q = 1 and u = β n for some real algebraic number β > 1, the above inequality
has only finitely many solutions in pairs (n, p). Hence, in particular, if β is rational, we recover Ridout's theorem. Also, when β is algebraic irrational, then we recover the same Roth's inequality. Therefore, by writing the inequality in Theorem CZ as
one can view as Thue-Roth inequality with moving targets αu, since αu is also varies along with u. Now, we recall the multi-dimensional version of Roth's theorem which is an another application of subspace theorem Theorem S. Let α 1 , . . . , α r be algebraic numbers such that 1, α 1 , . . . , α r are Q-linearly independent and let ǫ > 0 be a given real number. Then there exist at most finitely many tuples (q, p 1 , . . . , p r ) ∈ N × Z r satisfying |qα i − p i | < 1 q 1/r+ǫ . When r = 1, we recover Roth's theorem. It is natural question that whether the analogue of Theorem CZ can be done for Theorem S. We address this question in this paper. Moreover, we also relax the condition that |αqu| > 1 in Theorem CZ. More precisely, we prove the following theorems.
Theorem 1.1. Let Γ ⊂ Q × be a finitely generated multiplicative group of algebraic numbers. Let α 1 , . . . , α r ∈ Q × be Q-linearly independent algebraic number with 1. Let ǫ > 0 and c > 0 be given real numbers. Then there exist only finitely many tuple (u, q, p 1 , . . . , p r ) ∈ Γ × Z r+1 with d = [Q(u) : Q] such that |α i qu| > c, α i qu is not a c-pseudo-Pisot number for some i and
for all 1 ≤ j ≤ r.
(1.1)
For a real number x, the nearest integer of x denoted by ||x|| and it is defined as ||x|| := min{|x − m| : m ∈ Z}.
By this definition of nearest integer, we know that ||xqu|| ≤ |xqu − p| for any integer p. Theorem 1.1 is a generalization of Theorem CZ along with c-pseudo-Pisot number. The immediate corollary is the following. for all 1 ≤ j ≤ r.
We also have the following interesting consequence of Theorem 1.1, which is more useful to prove, possibly, some transcendence results. Corollary 1.2. Let Γ be a finitely generated subgroup of Q × . Let α 1 , . . . , α r ∈ Q × and ǫ > 0 be given real number. Suppose that the following inequalities
for all 1 ≤ i ≤ r have infinitely many solutions (u, q, p 1 , . . . , p r ) ∈ Γ × Z r+1 . Then either α 1 , . . . , α r are Q-linearly dependent with 1 or all the numbers α 1 qu, . . . , α r qu are c-pseudo-Pisot numbers for all u and q for any real number c > 0.
Let K be a number field and let S be a finite set of places on K such that S contains all the archimedian valuations of K. The group of S-units, denoted by O × S , is defined as
Now, we state the more general theorem as follows.
Theorem 1.2. Let K be a Galois extension over Q of degree n and let S be a finite set of places on K such that S contains all the archimedian valuations of K. Let d be a divisor of n and let α 1 , . . . , α d ∈ K be given algebraic numbers and not all zero. Let ǫ > 0 and c > 0 given real numbers. Then there exist only finitely many tuple (u, q, p) ∈ O × S × Z 2 with d = [Q(u) : Q] such that |α i qu i | > c, α i qu i is not a c-pseudo-Pisot number for some i and
where u = u 1 , u 2 , . . . , u d are conjugates of u.
As a consequence we have the following corollary.
The proof of the above results relies on subspace theorem and the idea employed in [2] with various suitable modifications.
Preliminaries
Let K ⊂ C be a Galois extension over Q. Let M K be the set of all inequivalent places of K and M ∞ be the set of all archimedian places of K. For each place v ∈ M K , we denote | · | v the absolute value corresponding to v, normalized with respect to K. Indeed if v ∈ M ∞ , then there exists an automorphism σ ∈ Gal(K/Q) of K such that for all x ∈ K,
where d(σ) = 1 if σ(K) = K ⊂ R and d(σ) = 2 otherwise. Non-archimedian absolute values are normalized accordingly so that the product formula ω∈M K |x| ω = 1 holds for any x ∈ K × . For each automorphism ρ ∈ Gal(K/Q), one defines an archimedian valuation on K by the formula
where | · | denotes the complex absolute value. Note that two distinct automorphisms, say, ρ 1 and ρ 2 defines the same absolute value if and only if ρ −1 1 • ρ 2 is a complex conjugation. Thus, for each v ∈ M ∞ , let ρ v be an automorphism defining the valuation v according to (2.2) . Then the set {ρ v : v ∈ M ∞ } represents the left cosets of the subgroup generated by the complex conjugation in Gal(K/Q).
The absolute Weil height H(x) is defined as
For a vector x = (x 1 , . . . , x n ) ∈ K n and for a place ω ∈ M K , the ω-norm for x denote by ||x|| ω and given by ||x|| ω := max{|x 1 | ω , . . . , |x n | ω } and the projective height, H(x), is defined by
Now we are ready to quote a more general version of the Schmidt Theorem 2.1. (Schlickewei) Let K be an algebraic number field and m ≥ 2 an integer. Let S be a finite set of places on K containing all the archimedian places. For each v ∈ S, let L 1,v , . . . , L m,v be linearly independent linear forms in the variables X 1 , . . . , X m with coefficients in K. For any ǫ > 0, the set of solutions x ∈ K m to the inequality
lies in finitely many proper subspaces of K m .
The following application of Theorem 2.1 can be deduced from results obtained by Evertse and for a proof see [ [2] , Lemma 1]. Lemma 2.1. Let K be a Galois extension over Q and S be a finite subset of places, containing all the archimedean places. Let σ 1 , . . . , σ n be distinct automorphism of K and let λ 1 , . . . , λ n be non-zero elements of K. Let ǫ > 0 be a positive real number and ω ∈ S be a distinguished place. Let E ⊂ O × S be a subset defined as
If E is infinite subset of O × S , then there exists a non-trivial linear relation of the form a 1 σ 1 (v) + · · · + a n σ n (v) = 0, with a i ∈ K, holds for infinitely many elements of v ∈ E.
We also need the following lemma, which is a special case of S-unit equation theorem (see for instance [[4] , page 18, Theorem II.4]), proved by Evertse and van der Poorten-Schlickewei. Note that it is again an application of Theorem 2.1.
Lemma 2.2. Let K, S and σ 1 , . . . , σ n be as Lemma 2.1. Let ǫ > 0 be a real number and a 1 , . . . , a n be non-zero elements of K. Suppose that E ⊂ O × S is subset which is defined as E := {u ∈ O S : a 1 σ 1 (u) + · · · + a n σ n (u) = 0} .
If E is infinite, then there exist i = j, non-zero elements a, b ∈ K × and infinitely many v ∈ E such that aσ i (v) + bσ j (v) = 0.
3. Key lemmas for the proof of Theorem 1.1 and 1.2
We start with a very interesting and an important proposition for the proof of Lemma 3.1.
Proposition 3.1. Let α 1 , . . . , α r be algebraic numbers such that 1, α 1 , . . . , α r are Q-linearly independent and u be a given non-zero algebraic number. Let δ > 0 be a given real number. Suppose that there exist infinitely many tuples (q, p 1 , . . . , p r ) ∈ Z r+1 satisfying q = 0 and
Then the numbers 1, α 1 u, . . . , α r u are Q-linearly independent.
Proof. First observe from (3.1) that the numbers α 1 u, . . . , α r u are indeed irrational. We need to prove that a 0 +a 1 α 1 u+· · ·+a r α r u = 0 for any tuple (a 0 , a 1 , . . . , a r ) ∈ Z r+1 \{(0, . . . , 0)}. We prove this fact by induction on r.
When r = 1, if a 1 α 1 u + a 0 , then α 1 u becomes rational which is a contradiction. Hence, we shall assume that the claim is true for r − 1 and prove the result for r > 1. Thus by induction hypothesis, we assume that for all non-zero tuples (b 0 , b 1 , . . . , b r−1 ) ∈ Z r , satisfying
Suppose there exists a non-trivial relation of the form
for some non-zero integers a 0 , a 1 , . . . , a r . Then, we have q(a 1 α 1 u + · · · + a r−1 α r−1 u + a 0 ) + a r p r = −qa r α r u + a r p r .
This is equivalent to
On the other hand, we can re-write (3.2) as follows
This implies
The left hand side of this inequality is an integer. But by the inequalities in (3.1), the right hand side tends to zero as q → ∞. Therefore, we conclude that
Substituting a 0 q + a r p r = −(a 1 p 1 + · · · + a r−1 p r−1 ) in the left hand side of the equality (3.3), we deduce |q(a 1 α 1 u + · · · + a r−1 α r−1 u) − (a 1 p 1 + · · · + a r−1 p r−1 )| = |qa r α r u − a r p r | and hence from (3.1), we get |q(a 1 α 1 u + · · · + a r−1 α r−1 u) − (a 1 p 1 + · · · + a r−1 p r−1 )| < 1 q δ ′ holds for infinitely many pairs (q, p 1 , . . . , p r 1 ) and for some 0 < δ ′ < δ. Set β = a 1 α 1 u + · · · + a r−1 α r−1 u. Then, by the induction hypothesis the quantity β is non-zero (moreover, β is an irrational number). Now we define r-linear forms with algebraic coefficients as follows;
Clearly these linear forms are Q-linearly independent. Let X be a point in Z r , which is of the form X = (p 1 , . . . , p r−1 , q).
Then using (3.1) and the above inequalities, we get
for some ǫ > 0 holds true for infinitely many such X's. Therefore, by the subspace theorem, there are infinitely many points X lie in a proper subspace of Q r . That is, there exist integers b 0 , b 1 , . . . , b r−1 not all zero such that
holds for infinitely many tuples (q, p 1 , . . . , p r−1 ). Then dividing this equality by q and letting q → ∞, we get b 0 + b 1 α 1 u + · · · + b r−1 α r−1 u = 0 which is a contradiction to the induction hypothesis and hence the assertion.
The following lemma is key to the proof of Theorem 1.1 and 1.2 and its proof is based on subspace theorem along with the idea in [2] , with various modifications. Lemma 3.1. Let K be a Galois extension over Q of degree n and k ⊂ K be a subfield of degree d over Q. Let α 1 , . . . , α r be non-zero elements of K such that 1, α 1 , . . . , α r are Q-linearly independent. Let S be a finite set of places on K containing all the archimedean places and let ǫ > 0 and c > 0 be given real numbers. Let
Remark. Once hypothesis of the Lemma 3.1 (respectively, Lemma 3.2 below) is satisfied, by Proposition 3.1 and Theorem S (respectively, Roth's theorem [ [3] , Chapter II, Theorem 2A]), we can conclude that the infinite sequence u satisfies (3.4) (respectively, (3.24)) can not be fixed; that is, H(u) → ∞ as the tuple varies (u, q, p 1 , . . . , p r ) ∈ B (respectively, (u, q, p) ∈ B).
Proof. Since B is an infinite set of solutions of (3.4), we first observe, by Theorem S together with Proposition 3.1, that the infinite sequence u with (u, q, p 1 , . . . , p r ) ∈ B satisfies H(u) → ∞.
If possible, suppose H(u) is bounded. Then there exists an infinite subset A of B such that the number u is constant for all elements in A. Now we apply Proposition 3.1 on the numbers α 1 , . . . , α r and infinite subset A, we conclude that the numbers α 1 u, . . . , α r u are Q-linearly independent with 1. By applying Theorem S on the inputs α 1 u, . . . , α r u and infinite subset A such that
holds for all (u, q, p 1 , . . . , p r ) ∈ A, we deduce that at least one of α 1 u, . . . , α r u is transcendental number, which is contradiction to the fact that the all these numbers are algebraic.
Let G = Gal(K/Q) be the Galois group of K over Q. Since K over k is Galois, we let H := Gal(K/k) ⊂ G be the subgroup fixing k. Hence, |G/H| = [k : Q] = d. Therefore, among the n embedding of K, there are exactly d embeddings, say, sigma 1 , . . . , σ d are a representatives for the left cosets of H in G with σ 1 being identity and more precisely, we have G/H := {H, σ 2 H, . . . , σ d H}.
For each j = 1, 2, . . . , d, let
Then for a fixed i with 1 ≤ i ≤ r, by (2.2), for each ρ ∈ Gal(K/Q), we have,
(3.6)
Then, from (3.6) and the well-known formula
for all 1 ≤ i ≤ r. Now, for each v ∈ S, we define d + r linearly independent linear forms in d + r variables as follows: For j = 1, 2, . . . , d and for v ∈ S j , we let
and for v ∈ S\M ∞ and for 1 ≤ k ≤ r + d, we let
Let X be the point in K d+r which is of the form
In order to apply the subspace theorem 2.1, we need to calculate the following quantity
Since σ j (u) are S-units, by the product formula, we obtain v ∈S
Consequently, the above inequality gives
Now we estimate the product of the denominators in (3.8) as follows:
Notice that
By using the the inequality ||x|−|y|| ≤ |x−y| and the fact that H(u) → ∞ for (u, q, p 1 , . . . , p r ) ∈ B, from (3.4), we conclude that |p i | ≤ |α i qu|+1. Since |u| 1 d ≤ H(u), and by using the fact H(u) → ∞, for all 1 ≤ i ≤ r, we get that
for all but finitely many pairs (u, q, p 1 , . . . , p r ) ∈ B. By combining both these above inequalities, we obtain H(X) ≤ |q| 2 H(u) 3d , and hence we get
for some ǫ ′ > 0 holds for infinitely many tuples (q, p 1 , . . . , p r , u) ∈ B. Then by the subspace theorem 2.1, there exists a proper subspace of K d+r containing infinitely many X ∈ B. That is, we have a non-trivial linear relation of the form If not, suppose b i = 0 for all 1 ≤ i ≤ r. Then from (3.11), we have
If suppose all the a i 's are rational numbers, then, by dividing this equality by qu, we get
holds for all (u, q, p 1 , . . . , p r ) ∈ B 1 . Then letting |q||u| → ∞ along the infinite set B 1 , by (3.4), we get a 1 α 1 + · · · + a r α r = 0. This is a contradiction to the Q-linearly independence of α i 's as a i ∈ Q are not are zero. Hence at least one of a i is algebraic irrational. Also, the sequence ( p 1 qu , . . . , pr qu ) tends to (α 1 , . . . α r ) and since none of the α i 's are zero, we conclude that there exists an infinite subset B 2 of B 1 such that (u, q, p 1 , . . . , p r ) ∈ B 2 and p i = 0 for all i. Hence, we see that a 1 , . . . , a r are Q-linearly dependent.
Let a 1 , a 2 , . . . , a m be the maximal Q-linearly independent numbers among a 1 , . . . , a r . Then we can write a m+i = c i1 a 1 + · · · + c im a m , where c im ∈ Q, for all 1 ≤ i ≤ r − m. Thus by substituting values of a m+i in (3.12), we get a 1 p 1 + · · · + a m p m + (c 11 a 1 + · · · + c 1m a m )p m+1 · · · + (c (r−m)1 a 1 + · · · + c (r−m)m a m )p r = 0.
By re-writing this equality in the following form
Since a 1 , . . . , a m are Q-linearly independent, it follows from (3.13) that
From (3.14), we get relations of the form (3.12) with rational coefficients, which is not possible by the previous observation. Hence (3.12) does not hold when a i ∈ Q. This proves our Claim.
Claim 2. There exists a non-trivial relation as (3.11) with a i = 0 for all i = 1, 2, . . . , r.
Since by the hypothesis one of α i qu is mot a c-pseudo-Pisot number, without loss of generality, we can assume that for each (u, q, p 1 , . . . , p r ) ∈ B 1 , we have |α r qu| > c and α r qu is not c-pseudo-Pisot number.
If possible, a 1 = 0. Then by rewriting the relation (3.11), we obtain
By applying the automorphism σ j on both sides of (3.15), we get
By subtracting this relation with (3.15), we get a relation involving the terms only with p 2 ,. . ., p r , σ 1 (u), . . ., σ d (u). Such a relation is non-trivial, as the coefficients of σ j (u) becomes
Note that b 1 = 0. If not, then 0 = σ j (b 1 /a 1 ) = b j /a 1 for every j. Hence b i = 0 for all i, which contradicts Claim 1. By putting λ = −b 1 /a 1 , we rewrite (3.11) as
Since a i , b j ∈ K, it may happen that λ does not belong to k. If so, then there exists an automorphism τ ∈ H with τ (λ) = λ. By applying the automorphism τ on both sides of (3.16) to eliminate p 1 , we obtain the linear relation p 2 (τ (a 2 /a 1 ) − a 2 /a 1 ) + · · · + p r (τ (a r /a 1 ) − a r /a 1 )
Note that τ • σ j coincides on k with some σ i and since τ ∈ H and σ 2 , . . . , σ d ∈ H, none of the τ • σ j with j ≥ 2 belongs in H. Hence the above relation can be written as a linear combination of the p 2 , . . . , p r and σ i (u) with the property that the coefficients of σ 1 (u) will remain λ − τ (λ). By our assumption that λ / ∈ k and hence we have λ − τ (λ) = 0. Therefore, we obtain a non-trivial relation among the p 2 , . . . , p r and σ i (u).
Thus, it is enough to assume that λ ∈ k. By adding −α 1 qu on both sides of the equality (3.16), we get
Then from (3.4), we get
By the rule (2.2), we have the following important observation:
For each v ∈ S, one notes that ρ v • σ j coincides with some σ i,v ∈ {σ 1 , . . . , σ d }. Hence the above relation can be written as a linear combination of p 2 , . . . , p r and σ 1,v , . . . , σ d,v and hence there exist algebraic numbers c 1,v , . . . , c d,v ∈ K, not all zero, such that
Hence, by (3.17), we have
The inequality (3.18) is true for all (u, q, p 1 , . . . , p r ) ∈ B 1 . Hence, we apply the subspace theorem 2.1 suitably. Now, for each v ∈ S, we define d + r − 1 linearly independent linear forms in d + r − 1 variables as follows: for each j = 1, 2, . . . , d and for each v ∈ S j , we define Since c i,v 's are not all zero, it follows that for each v ∈ S, the linear forms L 1,v , . . . , L d+r−1,v are linearly independent. Write the special points in K d+r−1 as X = (p 2 , . . . , p r , qσ 1 (u), . . . , qσ d (u)) ∈ K d+r−1 .
Then, by the subspace theorem 2.1, there exist a proper subspace of K d+r−1 containing infinitely many X = (p 2 , . . . , p r , qσ 1 (u), . . . , qσ d (u)). Hence, we get a non-trivial relation of the form
By Claim 1, we can always assume that not all b i 's are zero. Thus, we have got a non-trivial relation in d + r − 1 tuples.
By continuing the similar process, inductively, we can get p i = 0 for all 1 ≤ i ≤ r − 1. That is, we get,
By continuing the initial argument as in Case 2 with a 1 = 0 = a 2 = . . . = a r−1 , we end up in the following inequality:
where λ ∈ k. In particular, we get
(3.20)
Suppose λ = α r . Then the algebraic number qα r u = qλu has an integral trace and (3.20) becomes
Since qα r u is not c-pseudo-Pisot number, we see that
This implies that
This constant C ′ is non zero, since λ = 0. Hence, from (3.17) and (3.21), we get
holds for all tuples (u, q, p 1 , . . . , p r ) ∈ B 1 . Since H(u) → ∞ in the set B 1 , there exists 0 < ǫ ′ < ǫ such that the following
holds true for all tuples (u, q, p 1 , . . . , p r ) ∈ B 1 . Therefore, we apply Lemma 2.1 together with w is the archimedean place corresponding to the embedding of K defined by α ֒→ α, n = d − 1, λ i = σ i+1 (λ) and with σ 2 , . . . , σ d instead of σ 1 , . . . , σ n . Then we get a non-trivial relation as we claimed. This proves the claim in the Case 2.
Now we assume that λ = α r . In this case the first term does appear in (3.20) . Since |qα r u| > c, we have
where c ′ = c |αr| > 0. Hence we apply again Lemma 2.1 with w is the archiemedian place, n = d and λ 1 = (λ − α r ), λ i = σ i (λ) for 2 ≤ i ≤ d and get the non-trivial relation as we claimed.
Thus, we have the following b 1 qσ 1 (u) + · · · + b d qσ d (u) = 0 (3.23) valid for all tuples (u, q, p 1 , . . . , p r ) ∈ B 1 for an infinite subset B 1 ⊂ B. Therefore, by Lemma 2.2, there exist a = b ∈ K × and i = j such that aσ j (u) + bσ i (u) = 0 for all tuples (u, q, p 1 , . . . , p r ) ∈
valid for all tuples (u, q, p 1 , . . . , p r ) ∈ B 2 . Therefore, for any two
That means the element u ′ /u ′′ is fixed by the automorphism σ −1 i • σ j / ∈ H, and hence u belongs to the proper subfield k ′ of k which is fixed by the subgroup generated by H and σ −1 i • σ j . This completes the proof the lemma. Lemma 3.2. Let K be a Galois over Q of degree n and S be a finite set of places on K containing all the archimedean places. Let k ⊂ K be a subfield of degree d over Q and α 1 , . . . , α d be elements of K. Let ǫ > 0 and c > 0 be given real numbers. Let
where u = u 1 , u 2 , . . . , u d are the conjugates of u such that for each (u, q, p) ∈ B, |qα i u i | > c and qα i u i is not a c-pseudo-Pisot number for some i. If B is infinite, then there exist a proper subfield k ′ ⊂ k, a non-zero element u ′ ∈ k and an infinite subset B ′ ⊂ B such that for all (q, p, u)
Proof. Let H := Gal(K/k) ⊂ Gal(K/Q) = G be the subgroup fixing k. Since K is Galois over Q, we have K is Galois over k. Hence, |G/H| = d. Thus, we conclude that among n embedding on K, there are exactly d embeddings σ 1 , . . . , σ d are representatives of the left cosets of H in G with σ 1 being identity and more precisely, we have G/H := {H, σ 2 H, . . . , σ d H}.
For each ρ ∈ Gal(K/Q), with the notation as in (2.2), we have 
Then, from the formula
Now, for each v ∈ S, we define d + 1 linearly independent linear forms in d + 1 variables as follows: For each j = 1, 2, . . . , d and for an archimedean place v ∈ S j , we define
and for any i with 0 < i ≤ d, we define
Also, for any v ∈ S\M ∞ and for any i with 0 ≤ i ≤ d, we put
Clearly, these linear forms are Q-linearly independent. Let the special points X ∈ K d+1 be of the form X = (p, qσ 1 (u), . . . , qσ d (u)) ∈ K d+1 . In order to apply the subspace theorem, we need to calculate the following quantity
Using the fact that L v ,j (X) = qσ j (u), for all 1 ≤ j ≤ d and for all v, we obtain
Since σ j (u) are S-units, then by the product formula we obtain v ∈S
Consequently, from the above equality, we get By considering the case when σ j (a 1 /a 0 ) = a j /a 0 , for some index j ∈ {2, . . . , d}, or the case when a j /a 0 = σ j (a 1 /a 0 ) for all j, we can conclude that all the coefficients a j /a 0 are non-zero. Put λ = −a 1 /a 0 . With this notation we can re-write (3.31) as follows: p = q(σ 1 (λ)σ 1 (u) + · · · + σ d (λ)σ d (u)).
In the proof of Claim 2 of the proof of Lemma 3.1, we have the two possibilities, namely, either λ ∈ k or λ / ∈ k. The proof of the case λ / ∈ k is similar to that of the proof of Claim 2 of Lemma 3.1. Therefore we consider the case λ ∈ k. By adding −α 1 qσ 1 (u) − · · · − α d qσ d (u) to both sides in the above equality, we get
Therefore by (3.24), we get
.
Then dividing by q on both sides, we get
(3.32) By putting σ i (λ) − α i = β i for all i and see that they are not all zeros. Then we re-write (3.32) as
(3.33)
In order to apply Lemma 2.1, we distinguish two cases namely β 1 = 0 and β 1 = 0 as follows.
Suppose β 1 = 0. In this case, σ 1 (λ) = α 1 and hence the algebraic number qα 1 u = qλu. Since α 1 qu is not c-pseudo-Pisot number, we get the algebraic number qλu is not a c-pseudo-Pisot number. Therefore max{|σ 2 (qλu)|, . . . , |σ d (qλu)|} ≥ c. This implies that
Since not all β i 's are zero, let β i 1 , . . . , β ir are non-zero elements among β 2 , . . . , β d and from (3.33), we get
. 
Thus by applying Lemma 2.1, with the place ω corresponding to the identity embedding, n = i r and λ i j = β i j for 1 ≤ j ≤ r, we get an infinite subset B 2 ⊂ B 1 such that for all tuples (u, q, p) ∈ B 2 there exists a non-trivial relation of the form s 1 qσ 1 (u) + · · · + s d qσ d (u) = 0 for some s 1 , . . . , s d ∈ K.
Suppose β 1 = 0. Since the proof of this case is verbatim to the analogue proof in Lemma 3.1, we omit the proof here. Therefore, by Lemma 2.2, there exist an infinite subset B 3 of B 2 and non-trivial relation of the form aσ j (u) + bσ i (u) = 0 for some i = j and a, b ∈ K × satisfied for all (u, q, p) ∈ B 3 . Hence, by the similar argument as we have seen in the proof of Lemma 3.1, we conclude the assertion.
Proofs
Proof of Theorem 1.1. Since Γ is finitely generated multiplicative subgroup of Q × , we can reduce to the situation where Γ ⊂ Q × is the group of S-units, namely,
of a suitable Galois extension K over Q containing α 1 , . . . , α r and for a suitable finite set of places of K containing all the archimedean places. Also, S is stable under Galois conjugation. Suppose that the assertion is not true. Then there exist infinitely many tuples (u, q, p 1 , . . . , p r ) ∈ B ⊂ Γ × Z r+1 satisfying (1.1). Then by inductively, we construct sequences {α
elements of K with the property that for any integer n ≥ 0, the numbers (α
n ) are Q-linearly independent, an infinite decreasing chain B i of an infinite subset of B and an infinite strictly decreasing chain k i of subfields of K with the following properties:
For each integer n ≥ 0, B n ⊂ (k n × Z r+1 ) ∩ B n−1 , k n ⊂ k n−1 , k n = k n−1 and for all but finitely many tuples (u, q, p 1 , . . . , p r ) ∈ B n satisfying the inequalities that |α If such sequences exist, then we eventually get a contradiction to the fact that the number field K does not admit an infinite strictly decreasing chain of subfields. Therefore in order to finish the proof of the theorem, it is suffices to construct such sequences.
We proceed our construction by applying induction on n: for n = 0, put α (j) 0 = α j for 1 ≤ j ≤ r, k 0 = K and B 0 = B in Lemma 3.1, to get the result for n = 0. Then by the induction hypothesis, we assume that α (j) n , k n and B n for an integer n ≥ 0 exist with the property that (α
n ) are Q-linearly independent and satisfying (4.1). Consider δ j = α (j) 0 · · · α (j) n , for all 1 ≤ j ≤ r. By the induction hypothesis, the numbers δ 1 , . . . , δ r are Q-linearly independent and satisfies (4.1). Then by Lemma 3.1 with the inputs δ 1 , . . . , δ r , k = k n , we obtain an element γ n+1 ∈ k n , a proper subfield k n+1 of k n and an infinite set B n+1 ⊂ B n such that all pairs (u, q, p 1 , . . . , p r ) ∈ B n+1 satisfy u = γ n+1 v with v ∈ k n+1 and γ n+1 ∈ k × n . 
Therefore, by induction hypothesis and Proposition 3.1, it is clear that δ (1) n+1 , . . . , δ (r) n+1 are Q-linearly independent. Also, by induction hypothesis, we know that for every tuple (u, q, p 1 , . . . , p r ) ∈ B n+1 , there exists i satisfying |δ i qu| > c and δ i qu is not a c-pseudo Pisot number. Since δ j qu = δ j qγ n+1 v = δ (j) n+1 qv, for every tuple (v, q, p 1 , . . . , p r ) ∈ B n+1 , there exists i such that |δ 
By using the fact that H(α) = H(α −1 ) for any non-zero α ∈ K, we see that
and hence in particular, for almost all v ∈ k n+1 , we get H(γ n+1 v) ≥ H(v) (n+1)/(n+2) . Therefore, for all but finitely many tuples (v, q, p 1 , . . . , p r ) ∈ B n+1 and for all 1 ≤ j ≤ r, we have the following inequality
This fullfil the induction and hence the theorem.
Proof of Theorem 1.2. The proof of this theorem is similar to the proof of Theorem 1.1.
Suppose that there are infinitely many triples (u, q, p) ∈ O × S × Z 2 satisfying the following inequality 0 < |α 1 qu 1 + · · · + α d qσ d (u) − p| ≤ q −d−ǫ H −ǫ (u). Then by inductively, we construct a sequence {α i,0 } ∞ i=0 , . . . , {α i,d } ∞ i=0 elements of K, an infinite decreasing chain B i of an infinite subset of B and an infinite strictly decreasing chain k i of subfields of K with the following properties:
For each integer n ≥ 0, B n ⊂ (k n × Z 2 ) ∩ B n−1 , k n ⊂ k n−1 , k n = k n−1 and all but finitely many tuples (u, q, p) ∈ B n satisfying the inequalities that at least one |α j,0 · · · α j,n qu j | > c for some j and α j,0 · · · α j,n qu j is not a c-pseudo-Pisot number with |α 1,0 · · · α 1,n qσ 1 (u) + · · · + α d,0 · · · α d,n qσ d (u) − p| < 1 H ǫ/(n+1) (u)q d+ǫ .
(4.2)
If such sequences exist, then we eventually get a contradiction from the fact that the number field K does not admit any infinite strictly decreasing chain of subfields. Therefore in order to finish the proof of the theorem, it is suffices to construct such sequences. We proceed our construction by applying induction on n: for n = 0, put α i,0 = α i for 1 ≤ i ≤ d, k 0 = K and B 0 = B in Lemma 3.2, so we are done in the case n = 0. Then by the induction hypothesis, we assume that α i,n , k n and B n for an integer n ≥ 0 and 0 ≤ i ≤ d exist such that (4.2) holds. Then by applying Lemma 3.2 with k = k n and δ 1 = α 1,0 · · · α 1,n , . . . , δ d = α d,0 · · · α d,n , we obtain an element γ n+1 ∈ k n , a proper subfield k n+1 of k n and an infinite set B n+1 ⊂ B n such that all pairs (u, q, p) ∈ B n+1 satisfy u = γ n+1 v with v ∈ k n+1 . Note that since u ∈ O × S , we observe that v ∈ O × S . Hence, as u varies, we see that v varies over O × S . Thus, we can assume that (u, q, p) ∈ B n+1 if and only if (v, q, p) ∈ B n+1 . Set α j,n+1 = σ j (γ n+1 ) for all 1 ≤ j ≤ d. Clearly, α j,0 · · · α j,n α j,n+1 = δ j σ j (γ n+1 ) := δ (j) n+1 for all 1 ≤ j ≤ d.
By the induction hypothesis, we know that for every pair (u, q, p) ∈ B n+1 , there exists i satisfying |δ i qu| > c and δ i qu is not a c-pseudo-Pisot number. Since δ j qu j = δ j qσ j (γ n+1 v) = δ (j) n+1 qσ j (v), for every pair (u, q, p) ∈ B n+1 , there exists i such that |δ (i) n+1 qu i | > c and δ (i) n+1 qu i is not c-pseudo-Pisot number and |δ (1) n+1 qv + · · · + δ (i) n+1 qσ i (v) + · · · + δ (d) n+1 qσ d (v) − p| = |δ 1 qσ 1 (γ n+1 v) + · · · + δ d qσ d (γ n+1 v) − p| = |δ 1 qu 1 + · · · + δ d qu d − p| < 1 H ǫ/(n+1) (γ n+1 v)q d+ǫ . Since for v ∈ K, we see that H(γ n+1 v) ≥ H(γ n+1 ) −1 H(v), and hence in particular, for almost all v ∈ K, H(γ n+1 v) ≥ H(v) (n+1)/(n+2) . Therefore, for all but finitely many such pair (v, q, p) ∈ B n+1 and for all 1 ≤ j ≤ d, we have the following inequality |δ (1) n+1 qv + · · · + δ (i)
This fulfill the induction hypothesis and hence the theorem.
Proof of Corollary 1.3. As we have seen in the proof of Theorem 1.1, we can reduce to the situation where Γ ⊂ Q × is the group of S-units:
of a suitable number field K Galois over Q containing α and S is suitable finite set of places containing all the archimedean ones. Therefore by applying Theorem 1.2, with α 1 = α, α i = 0 for 2 ≤ i ≤ d and K, we get Theorem CZ.
